The O(α 2 m 2 t /m 2 W ) correction to the relation between G µ and the vector boson masses is computed in the MS scheme, and the results are used to investigate the magnitude of the effect on the theoretical prediction of m W and sin 
The interdependence between m W , m Z , and G µ has been studied for a long time. The original one-loop calculation of ∆r [1] has subsequently been augmented by the inclusion of higher order corrections related to mass singularity contributions and heavy top effects. The inclusion of the leading logarithms of O(α ln(m Z /m f )) n (here m f is a generic fermion mass) in ∆r was investigated in Refs. [2, 3] , while Consoli, Hollik, and Jegerlehner [4] showed how to take into account, in the On-Shell (OS) scheme, the leading two-loop contribution of a heavy top, namely the term that scales as m 4 t . A similar analysis concerning the leading top-mass power correction was performed in the MS framework in Ref. [5] . More recently, the full Higgs dependence of the leading m 4 t contribution was calculated by several groups [6, 7] . Our knowledge of mass singularity contributions to ∆r goes actually beyond the two-loop leading effects, as the incorporation of the O(α 2 ln(m Z /m f )) terms was presented in Ref. [3] . Concerning the two-loop top corrections, however, a discussion of the O(α 2 m 2 t /m 2 W ) correction is still missing.
Indeed, the uncertainty coming from the unknown higher order contributions can be ascribed mainly to our ignorance of the O(α 2 m 2 t /m 2 W ), as two and three-loop QCD corrections seem to be well under control [8] , and two-loop heavy Higgs effects have been shown to be negligible [9] . A first investigation of the potential magnitude of higher order corrections of electroweak origin was carried out by the Working Group on Precision Calculations (WGPC) at CERN [10] . The results of five different computer codes for the evaluation of radiative corrections were compared; the codes were based on different renormalization frameworks, and allowed various resummation options, all equivalent at the order of known contributions, and differing precisely 
with the understanding that the one-loop contribution is now written in terms of the renormalized parameters e 2 and s 2 . In Eq. (2), the second and third lines take into account explicitly the expansion of the overall coupling e (2) it is easy to see that the replacement in Eq. (1a) [3] 1 + ∆r → 1 1 − ∆r (3) takes correctly into account the ln(m Z /m f ) terms contained in δe 2 /e 2 , to O(α 2 ln(m Z /m f ), once the renormalized parameter e is identified with the electric charge at zero momentum transfer. However, as emphasized by Consoli, Hollik, and Jegerlehner [4] , there is a mismatch in the iteration of the one-loop δs 2 /s 2 term. This contribution in the OS scheme contains finite corrections proportional to m . A way to circumvent this problem is to use an MS subtraction for the parameter s, namely to choose the counterterm δs 2 to subtract just the terms proportional to δ = (n − 4) [5] . As δs 2 does not contain any finite part, this procedure automatically takes into account all reducible contributions.
The above discussion tells us that the simplest way to take into account the O(α 2 m 2 t /m 2 W ) corrections to the relation between the µ-decay constant and the W mass is through an MS subtraction for the weak interaction angle. The relations between the MS and the OS frameworks were worked out in Ref. [5] . Here we just recall the basic corrections of the MS framework that enter into the m W -m Z interdependence. They are ∆r W , that relates G µ to the MS weak interaction angle defined at the scale m Z , sin
that is given explicitly byρ
with
is the transverse Z self-energy evaluated at the physical Z mass, the subscript MS indicates both the MS subtraction and the choice µ = m Z for the 't Hooft mass scale, and we have neglected small contributions proportional to the γ Z mixing in the Z mass counterterm that do not contain mass singularities or terms proportional to m 2 t . In terms of these corrections, the m W -m Z interdependence can be expressed as
where (4), and keeping in mind the replacement (3), we see that contributions of this order come not only from the W and photon two-point functions (the latter is included in δe 2 /e 2 ), but also from vertex and box diagrams. As explained in Ref. [11] , by writing the one-loop result in terms of MS coupling and physical W and Z masses, one automatically takes into account the O(α 2 m 2 t /m 2 W ) corrections coming from the box diagrams and, to a large extent, the similar contribution coming from the vertices. Only the vertex diagrams involving a mixing between vector bosons and unphysical scalars through a fermionic blob have to be explicitly calculated. They can be easily expressed, however, in terms of two-loop self-energy integrals at zero momentum transfer, and therefore computed on the same footing as the self-energy contribution.
Because of the presence of the two-loop W mass counterterm, the calculation of ∆r W involves the evaluation of two-loop self-energy integrals both at q 2 = 0, and at q 2 = m 2 W , where q is the momentum transfer. Similarly, Eqs. (5) show thatρ entails two-point functions evaluated at non-zero momentum transfer. Two-loop self-energy diagrams with non-vanishing masses and momenta cannot in general be expressed in terms of known functions like polylogarithms. However, the extraction of the leading m 4 t and next-to-leading m 2 t contributions from a two-loop self-energy diagram at non-zero q 2 can be performed through an asymptotic expansion of the corresponding integrals in inverse powers of the top mass [13] . The q 2 = 0 self-energy integrals, instead, can be exactly solved for any mass, expressed in a closed form [14] , and then expanded in top mass powers. The zero momentum transfer contributions of the W and Z self-energies have been explicitly checked with the Ward identities of the theory, which were derived up to O(
) by current algebra methods [7, 15] . In the calculation we consider the Higgs mass as a free parameter. Therefore, before performing the heavy top expansion, we need to specify whether m H can be considered light with respect to m t , or m H , m t ≫ m Z , with an arbitrary ratio m H /m t . Consequently, we derive expressions for the two-loop corrections in the two regions.
The identification of the m 2 t two-loop contribution to ∆r W and ∆ρ requires a precise specification of the one-loop term. Our one-loop contribution coincides with the analytic expressions reported in Ref. [5] , written in terms of physical masses and couplings α andĉ In Eqs. (7) 
we have indicated the dilogarithmic function as Li
, and introduced
where Cl 2 (x) = Im Li 2 (e ix ) is the Clausen function with
whose analytic form is well known (see for example Ref. [16] ). It is interesting to note that the O(ǫ) part of one-loop integrals like the one in Eqs. (9) cancel exactly in the final two-loop expression.
The two-loop contribution to ∆r W is quite small over the whole range of realistic top and Higgs mass values. For instance, using m t = 180 GeV andŝ 2 = 0.2314, we find that ∆r (2) W has an absolute maximum at m H = 0, +5.7 × 10 −5 , then decreases very rapidly for increasing m H . The two expansions Eqs. (7) meet at m H ≃ 0.3 m t , and for the whole range 65GeV< m H <1TeV, |∆r
The same happens for different but realistic values of m t . This is indeed a quite small effect, comparable in size to routinely neglected contributions.
The calculation of ∆ρ (2) yields, in units
∆ρ t ) result [6, 7] , which is completely independent of the gauge sector of the theory. Indeed this part can be computed (10) is much more relevant than the one to ∆r W , following a pattern very similar to the one for the ρ parameter in ν µ − e scattering [7, 11] . In Fig.1 we show the behaviour of the two expansions in Eqs. (10) ) term, and that the effect on the prediction for m W from α, G µ , and m Z , can be as large as 20MeV, depending on the top and Higgs masses (see Table 1 ). Details of this calculation will be presented in a forthcoming communication. 
